In this short note we fill in the gap in [La, 3.5] and prove a few small improvements of some results of [La]. We keep the notation from [La].
First, the author would like to mention that in the proof of Theorems 3.1, 3.2, 3.3 and 3.4 there was a tacit assumption that the base field k was not countable. Since semistable sheaves are well behaved under the base field extension, the statements do not depend on the field and we could assume it.
The beginning of [La, 3.5] should be replaced with the following.
3.5. It is sufficient to prove that T 1 (r) and T 3 (r − 1) imply T 5 (r).
We prove this implication by induction on the dimension of X. If X is a surface then the implication can be proved as in [La, 3.5] . So assume that the implication holds for all varieties of dimension less than n for some n ≥ 3. Take a collection D 1 , . . . , D n−1 of very ample divisors and a strongly
Assume that contrary to the implication we have
If E is strongly B 1 -semistable then T 1 (r) implies that the restriction of E to a general divisor in |D 2 | is semistable. Since (F k ) * E is also strongly semistable the restriction of (F k ) * E to a general divisor in |D 2 | is also semistable. Therefore the restriction of E to a very general divisor
If E is not strongly B 1 -semistable then for sufficiently large k the sheaf (F k ) * E is not B 1 -semistable. Therefore there exists 0 ≤ t k < 1 such that (F k ) * E is B tk -semistable but it is not B t -semistable for t k < t ≤ 1 (obviously, being non-semistable is an open condition in the set of polarizations). Similarly as in [La, 3.6 ] one can easily see that the Harder-Narasimhan filtration of B t is independent of t if the difference (t − t k ) is small and positive. This filtration provides us with a proper saturated subsheaf
By the Hodge index theorem we get
Set r = rk E and r = rk E and β r (t) = β r (A; (1 − t)D 1 + tD 2 , D 2 . . . , D n−1 ). Since both E and E are B tk -semistable, T 3 (r − 1) and the above inequality imply that
This implies that
is a continuous function for t ∈ [0, 1], it can be uniformly bounded from below. So passing with k to infinity, we get
The statement of [La, Th. 3.12] and equality holds for D = A.
The following theorem is an improvement of [La, Th. 4 .1] (with a simplified proof).
